Chapter 4
Reducing Computational Complexity

In Chapter 3, | proposed including higher-order similarities in distance
computations, yielding hybrid pairwise/higher-order distances. | then computed standard
hierarchicd clustering dendrograms with these new hybrid dstances. This gredly
reduces the complexity of the user interfacefor information retrieval, while still alowing
the exploration of itemsets of cardindity beyond pairwise.

However, recd that there is a combinatorial explosion of numbers of itemsets for

increasing numbers of documents and itemset cardinalities, the number of itemsets

increasing as C; = k(nLc for n documents and itemset cardinality ¢ . The method |
proposed in Chapter 3 for computing hybrid pairwise/higher-order distances includes all
these combinatorially exploding rumbers of itemsets.

This chapter therefore investigates methods for computing these hybrid dstances
that eliminate some itemsets, thereby reducing computational complexity. Because some
itemset supports are missng, the resulting dstances are forms of approximation that
potentially have poorer matches with frequent itemsets.

| investigate 2 general approadhes for reducing the complexity of computing
document distances. The first is to compute hybrid pairwise/higher-order distances from

frequent itemset supports only, which alows the gplicaion of fast algorithms for

computing frequent itemsets. This is covered in the next sedion. Sedion 4.2 offers
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experimental results that are @nsistent with previous observations that these fast
algorithms empiricdly scde linealy with problem size

Sedion 4.3 describes the second approacdh to reducing computational complexity.
This approach computes distances from a dtation adjacency matrix whose rows and
columns are weighted by numbers of cited and citing documents, respedively. It
includes supports for itemsets of cardinaity 2 only, thus avoiding the worst-case

exponential complexity of higher cardinality itemsets (higher-order co-citations).

4.1 Fast Algorithmsfor Frequent | temsets

Perhaps the most obvious approach in reducing computational complexity for
hybrid pairwise/higher-order distances is to exclude itemsets whose supports fall below
some threshold value, denoted minsup. This approach of computing only the more
frequent itemsets is typicd, and has been studied in the aciation mining literature
[Agra93][Agradd].

Algorithms for computing frequent itemsets are generally based on 2 principles.
The firgt is that every subset of a frequent itemset is also frequent, so that higher-
cadinality itemsets need only be considered if al their subsets are frequent. The second
is that given a partitioning of database tuples, an itemset can be frequent only if it is
frequent in at least one partition, alowing the gplicaion of divide-and-conquer
algorithms.

The worst-case mmplexity of the frequent-itemset problem is exponential. But
algorithms have been proposed that empiricdly scde linealy with resped to both the

number of transadions and the transadion size [Agra94]. In the @ntext of hypertext
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systems, transadions are documents linking to other ones. In fad, these fast algorithms
for computing frequent-itemsets acually empiricdly speed up dightly for increasing
numbers of items (cited documents).

Recdl that with the proposed method for computing hybrid pairwise/higher-order
similarities, | first apply a nonlinea transformation T[z (1 )] to supports z (1) of itemsets
| . The transformation T is to asymptoticdly increase more quickly than linealy, so that
transformed larger supports are bounded from below by transformed smaller supports.

For similarity s;, between documents j and k, j* k, the transformation is followed

by summing transformed supports over all itemsetsthat contain the document pair:

s, =aTlz() (4.2)

K
It is then straightforward to modify this 9 as to exclude lessfrequent itemsets for
reducing computational complexity. Simply exclude from the summetion in Eq. (4.1) all

itemsets with supports z (1) below minsup. Thesimilarity s;, then becomes

Sk = atl(). (4.2)

As before, similarities are normalized to [0,1] via Eq. (3.21), then dissmilarities
(distances) are computedacaording to Eq. (3.22).

Figure 4-1 shows example itemset supports, both before axd after nonlinea
transformation, for various values of minimum support minsup. Supports are for
cadinality-3 itemsets of the SCI “Microtubules’ data set. As minsup increases, larger
supports become increasingly sparse. Per EQ. (4.2), the only transformed supports

T[z(1)] included in hybrid pairwise/higher-order obey z(I)3 minsup.
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Figure4-1: Original and nonlinearly transformed
itemset supports for 3 different values of
minsup. Only nonzero transformed
supportsareincluded in hybrid distances.

100



101

Tables B-1 through B-5 in Appendix B show clustering metrics for the
complexity reduction technique described by EqQ. (4.2). The metrics are computed for the
SCI data sets described in Table 4-1. For the data set “W avelets and Brownian,” results

are included for both co-citations and bibliographic coupling, yielding a total of 5 data

Sets.
Table4-1: Detailsfor SCI (ScienceCitation Index) data
sets used in this sdion. Bibliographic
coupling isapplied in addition to co-citations
for one of these data sets.
Data set name Query keyword Y ear () Citing | Cited
docs docs
Collagen collagen 1975 494 53
Quantum Gravity and guantum gravity AND 19992000 114 50
Strings string*
Wavelets (1-500 wavelet* 1999 472 54
Wavelets and Brownian wavelet* AND brownian | 19732000 99 59

The dustering metric results in Tables B-1 through B-5 are summarized in Tables
4-2 and 4-3. The results show that excluding itemset supports below minsup generally
has little dfed on clustering results, particular for smaller values of minsup. However,
there is me degradation in metric values for higher levels of minsup. Here
“degradation” means that metric values are smaler when some itemset supports are
excluded, corresponding to a poorer clustering match to frequent itemsets.

| offer the following interpretation for the minsup-dependent degradation in
clustering metric. Members of frequent itemsets are typicdly frequently cited documents
overal. Such frequently cited documents are likely to appea in many itemsets, even less

frequent itemsets. Thus there ae likely to be many itemsets below minsup that contain
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these frequently cited documents. Excluding itemsets below minsup then removes the

supportsthat thesitemsets contribute to the summationsin computing hybrid distarces.

Table4-2: Clustering metric comparisons for hybrid
distances from Chapter 3 (minsup 0) versus
hybrid distances with reduced complexity

(minsup 2).
Dataset | (minsup2)=| (minsup2) > | (minsup 2) <| Cases
(minsup 0) | (Minsup0) | (minsup 0)
1 18 0 0 18
2 18 0 0 18
3 18 0 0 18
4 18 0 0 18
5 11 0 7 18
Totals 83 0 7 920

Table4-3: Clustering metric comparisons for hybrid
distances from Chapter 3 (minsup 0) versus
hybrid distances with reduced complexity

(minsup 4).
Dataset | (minsup 4)= | (minsup4) > | (minsup 4) <| Cases
(minsup 0) | (Minsup 0) | (minsup 0)
1 12 2 4 18
2 11 1 6 18
3 10 0 8 18
4 18 0 0 18
3 12 2 4 18
Totals 63 5 22 920

4.2 ltemset Support Distributions

This sdion offers results that are consistent with the ideathat fast algorithms for
computing frequent itemsets sde linealy with problem size In particular, | show for

the first time that citation itemset supports generaly follow a one-sided Lapladan
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(exponentially deaeasing) distribution. This distribution also suggests that it should
generally be eay for the largest citation itemsets to form clusters via my proposed hybrid

pairwise/higher-order distances.
Figure 4-2 illustrates this for the cadinality ¢ =4 itemsets of the SCI “W avelets

(1-100)” data set. The figure shows supports for ead itemset, along with a log-scde
count of the number of itemsets with a given support. The figure dso includes the
positive side of the Lapladan distribution, which appeas linea on the log scde. The

general Lapladan distribution p(x) is
(4.3)

Here | = \/E/s , for standard deviation s . Since itemset support is aways positive,
only the positive side of the distribution is needed, i.e.

pr(x)=/e’*, x30. (4.4)
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Figure4-2: Cardinality-4 itemset-support distribution
versus right-sded Laplacian for SCI
“Wav elets (1-100)” data set.
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In terms of the Lapladan distribution's effed on average cmputational
complexity, consider that algorithms generally compute itemsets garting from lower
cadindities. In going to the next higher cardinality, they consider only supersets of
those itemsets found to be frequent at the lower cardinality. Because of the very heary
concentration of small supports in the Lapladan distribution, a large proportion of
itemsets are below minsup, and get removed from any further consideration at higher
cadinalities. Thisin turn contributesto low average computational complexity.

The Lapladan distribution also contributes to the aility of my proposed hybrid
pairwise/higher-order distances to produce dusters consistent with frequent itemsets. For
example, of the 46376total itemsets in Figure 4-2, there is only a single itemset having
the largest support. According to the theorem | proved in Chapter 3, this itemset is
guaranteed to be acluster, given alarge enough degreeof nonlineaity.

For the next largest support, there ae only 5 itemsets. If any of these have no
overlap with either the most frequent itemset or the other 4 itemsets of the same support,
they are dso guarantead to be duster. In genera, the sparse nature of more frequent
itemsets under the Lapladan distribution improves their chances of being clusters.

Figure 4-3 shows the itemset-support distribution for a data set in which thereisa
larger range of supports. This data set was generated from the SCI keyword query
“microtubules.” Figure 4-4 shows itemset-support distributions for the “Wavelets’ data
set, for 100, 150, and 200citing documents, and itemset cardindities ¢ =2,3. These ae
farly linea for ead cardinality and data set size again indicaing conformity with the

Lapladan distribution. Missng values are itemset supports of zero.
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Figure4-3: Cardinality-3 itemset-support distribution
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The normdizaion of the one-sided Lapladan distribution in Eq. (4.4) via

I = \/E/s , for standard deviation s , enables its interpretation as a probability density.

Disregarding this interpretation, a more genera non-normalized distribution is

p*(x)=ae ™, x30,

(45)
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for arbitrary a, b > 0. Taking the logarithm of Eq. (4.5),
log|p* (x)| = loga - bx. (46)
Thus log|p* (x)| isaline, with slope - b and y-intercept loga .
Figures 4-5 through 4-14 show itemset supports and their distributions for the 10
SCI data sets described in Table 4-4. Results are included for both co-citations and
bibliographic coupling for the data sets “Adaptive Optics,” “Quantum Gravity and

Strings,” and “W awelets and Brownian.” Thusthere are 10 total datasets.

Table4-4: Detailsfor SCI (ScienceCitation Index) data
sets used in this sdion. Bibliographic
coupling isapplied in addition to co-citations
for 3 of these data sets.

Data set name Query keyword Y ear () Citing | Cited
docs docs

Adaptive Optics adaptive optics 2000 89 60
Collagen collagen 1975 494 53
Genetic Algorithms and genetic dgorithm* and 2000 136 57
Neural Networks neural network*
Quantum Gravity and guantum gravity AND 19992000 114 50
Strings string*
Wavelets (1-100 wavelet* 1999 100 34
Wavelets (1-500 wavelet* 1999 472 54
Wavelets and Brownian wavelet* AND brownian | 19732000 99 59

Figures 4-5 through 4-14 show adual support values for ead itemset, along with
the number of itemsets having a given support value. Each figure shows this for itemset
cadinalities 2,3,4. Support distributions without missng values (for logarithms of zero)

include linea least-squares fits of the data values.
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Figure4-8. Assciation mining itemset supports and
their distributions for cardinalities 2,3,4 for
SCI “Genetic Algorithms and Neural
Networks’ data set.
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their distributions for cardinalities 2,3,4
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their distributions for cardinalities 2,3,4
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Figure4-14: Assciation mining itemset supports and
their distributions for cardinalities 2,3,4
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(bibliographic coupling).
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The measured itemset support distributions in Figures 4-5 through 4-14 have
generally good agreement with the smple Lapladan model that | have proposed.
However, the quality of the log-linea fits in the figures is data dependent. For some data
sets, the fit is excdlent. For others, there is ggnificant deviation from log-lineaity. For
data sets with the worst fits, most log residuals are lessthan 0.5, corresponding to acual
errors sndler than by a fador of 3. Esentidly al data sets are log-linea over some
range of their supports.

The exponentialy deaeasing nature of itemset support helps my proposed hybrid
pairwise/higher-order distances produce dusters consistent with frequent itemsets. The
reason is that with such a distribution, itemsets with larger supports are sparse. By the
theoreticd arguments | gave in Chapter 3, this makes itemsets with larger supports more
likely to form exclusive dusters. That is, there ae relatively few itemsets that could
potentialy disrupt the clustering of the most frequent ones.

The sparse nature of frequent itemsets also contributes to low computational
complexity for fast frequent-itemset algorithms. These dgorithms are ale to rule out
from further consideration supersets of the large numbers of lessfrequent itemsets. This
supports previous experimental observations that the average time mmplexity of these

algorithms scaleslinealy with problem sze.

4.3 Transaction and Item Weighting

The method described in Sedion 4.1 of including only frequent itemsets in hybrid
pairwise/higher-order distances has the potential to grealy reduce arerage computational

complexity. However, it does not reduce the exponential worst-case complexity. This
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sedion investigates ©me dever weighting of the cmponents of pairwise distances. The
new distances retain the O(nz) complexity (for n documents) enjoyed by standard

pairwise distances. The hope is that the resulting clusters will be adequately consistent
with frequent itemsets.

| investigate 2 weighting schemes. weighting transadions (citing documents) by
their number of items (documents they cite), and weighting items (cited documents) by
the number of citations they recave. The first scheme is based on the hypothesis that
there is podtive rrelation between documents cited by large transadions and
documents in frequent itemsets. That is, documents that cite many other documents tend
to cite members of frequent itemsets. Thus those dted documents gould be weighted
more heavily, viathe cardindity of the s of documents cited.

The 2" scheme is based on a dual hypothesis. In particular, the hypothesis is that
there is postive rrelation between frequently cited documents and documents in
frequent itemsets. Thus cited documents are weighted by their citation count, or
equivaently, by the cadinality of the set of al documents citing them. Note here that
itemset support is a type of co-citation count, versus the citation count used for
weighting.

Consider the following smple example of transadion and item weighting. Here

are the 5 example transadions (citing documents), eat of unit frequercy:

t, ={1,2,34}
t, ={1.23}
t, ={1.2}
t, ={2,34}

t; ={4}
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Table 4-5 gves the citation adjacency matrix for these 5 transadions. The table dso
gives citation weights computed in 2 dfferent ways. row-wise (transadion weighting)
and column-wise (item weighting). For transadion weighting, ead transadion (citing

document) isweighted by its cardinality. That is, weight w. = w(t, ) for transadtion t, is
w=f|=aa,, (47)

where g ; isan element of the citation adjacerty matrix.

Table4-5: Example dtation matrix with transaction
and item weights.

Cited doc | Citing doc

Citing doc i j=1 j=2 j=3 j=4 weight w
=1 1 1 1 1 4
1=2 1 1 1 0 3
1=3 1 1 0 0 2
|=4 0 1 1 1 3
| =5 0 0 0 1 1

Cited doc weight v
4 | 4 | 3 | 3

For item weighting, ead item (cited document) is weighted by the number of
citationsit receves. More formally, for item j, the weight v; is
o]
Vj = a a1J . (48)
. . [¢] o]
When the weights w, and v; are normalized so that g W =g Vi =1, they can be

interpreted as probabili tiesin the sense of Kolmogorov.
For transadion weighting, similarities s;, for ead posshle pair of cited

documents are computedas

S =a,wa,a, ., (49)
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where a ; and a, are digtinct elements of the dtation matrix. For our example, the
transadion-weighted simil arities for the 4 cited documents are

S,=4+3+2+0+0=9
S, =4+3+0+0+0=7
S,=4+0+0+0+0=4
S,, =4+3+0+3+0=10
S,, =4+0+0+3+0=7
S,, =4+0+0+3+0=7

For item weighting, similarities S, between cited documents j and k are

computed as
Sik :Vjvké. a8 - (4.10)

For our example, item-weighted smilarities are therefore

7))

L, =4X4X1+1+1+0+0)=48
5 =481+1+0+0+0)=24
L =48{1+0+0+0+0)=12
s =48{1+1+0+1+0)=36
L =48{1+0+0+1+0)=24
. =38X1+0+0+1+0)=18

DL
T

NI

As a mmparison, standard pairwise similarities S, , in which w, =v, =1, are

computed as
$c=aa,a (4.11)

For our example, standard pairwisesmil aritiesare then

U NN é/))

~ w N
1] 1 I
P N W
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$5=3
$4=2
$4=2
/\j\/\ | Citing doc weight w,

Citing doc

Cited dac

Figure 4-15: Citation matrix with transaction and item

weights for “Wav eletsand Brownian” data
Set.

Figure 4-15 shows the dtation adjacency matrix for the SCI “Wavelets and
Brownian” data set. For this data set, the query keyword is “wavelet* AND brownian”
and the yeas are 19722000 The first 99 documents matching the query cite atota of
1892 wique documents. | filter documents cited lessthan 6 times, yielding the aljacency
matrix columns for the remaining 59 highly cited documents. Along with the aljacency

matrix, Figure 4-15 also shows corresponding weights for transadions (citing documents)

and items (cited documents).



122

Distance
1_
0
(a) Pairwise
(b) Transadionweighting (c) Item weighting
(d) (Cardinality 3)74 (e) (Cardinality 4)"4

Figure4-16: Distance matrices for “Wavelets and
Brownian” data set: (a) standard pairwise,
(b) transaction weighting, (c) item
weighting, (d) hybrid from cardinality-3
itemsets, and (e) hybrid from cardinality-4
itemsets.
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The resulting dstance matrices are shown in Figure 4-16. In this figure, part (b)
is from Eq. (4.9) transadion weighting, and part (c) is from Eq. (4.10) item weighting.
Both of these ae dignificantly different from the Eq. (4.11) standard pairwise distances,
shown in part (a).

Figure 4-16 compares transadion and item weighting to distances computed from
cadinality-3 and cardindlity-4 itemset supports. The cadinality-3 similarities for part (d)

are computedas

(Cardindity 3y ° s, = g [z(1)]*, (4.12)

ilks
while the cardindi ty-4 similarities shown in part (€) are computedas
(Cardindlity 4'4 ° 5 = § ()" (4.13)
ity

The distance matrices for transadion weighting and cardinality-4 itemsets are
vaguely smilar, as are the matrices for item weighting and cardinality-3 itemsets. Each
of these 4 matrices also have dements in common with the one for standard pairwise
distances.

However, these 5 types of distance @mmputations lead to significantly different
clusterings. We see this in Figures 4-17 through 4-21, which show complete-linkage
clustering dendrograms for the 5 types of distances. The dendrograms include the single
most frequent cardinality-3 and cardinality-4 itemsets, which are {3, 7, 9} A and {3, 7, 9,

12}@, respedively.
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o 'Y
Pairwise
A Metric=1
® Metric=4/6 = 0.67 2

Overal = (1+0.67)/2 = 0.84

Figure4-17. Standard pairwise Smilarities versus
frequent itemsets for complete-linkage
clustering o “Wavelets and Brownian”
data set.

The dustering for cardinality-3 similarities (Figure 4-20) is the most consistent
with the frequent itemsets, which is refleded by its overall clustering metric value of
unity. The overal metric value for transadion weighting (Figure 4-18) is dightly better
than for cardinality-4 smilarities (Figure 4-21). However, in a sense, clustering for
cadinaity-4 smilarities is more mnsistent with the frequent itemsets, since it has a
cluster that contains only items from the 2 itemsets, unlike awy cluster for transadion
weighting. While transadion weighting is a sight improvement over standard pairwise
(Figure 4-17), the metric value for item weighting (Figure 4-19) is sgnificantly smaller
than for standard pairwise.

Tables A3-1 through A3-5 in Appendix C show clustering metric results for the
transadion and itemset weighting schemes for reducing computational complexity.

These rrespond to Egs. (4.9) and (4.10), respedively. The dustering metrics are

computed for the SCI data sets described in Table 4-6. For the data set “Wavelets and
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Brownian,” results are included for both co-citations and bibliographic coupling, yielding

atota of 5 data sts.

i {

Transadionweighting

A Metric=1 2
® Metric=4/5=0.8
Overadl = (1+0.8)/2=0.9

Figure4-18 Transaction weighting similarities,
itemset-matching metric for complete-
linkage dustering o “Waveets and
Brownian” data set.

2
o
Item weighting
A Metric=3/6=05
® Metric=4/5=0.8
Overal = (0.5+0.8)/2 = 0.65 2

Figure4-19: Item weighting sSmilarities, itemset-
matching metric for complete-linkage
clusering o “Wavelets and Brownian”
data set.
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Figure4-20: Cardinality-3 similarities, itemset-
matching metric for complete-linkage
clusering o “Wavelets and Brownian”

data set.
2
(Cardinality 4)74 2
A Metric=3/4=0.75 ) 8
® Metric=1

Overall = (0.75+1)/2 = 0.88

Figure4-21: Cardinality-4 similarities, itemset-
matching metric for complete-linkage
clusering o “Wavelets and Brownian”
data set.
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Table 4-6: Details for SCl data setsused in this sadion.
Bibliographic coupling is applied in addition
to co-citationsfor one of these data sets.
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Data set name Query keyword Y ear(s) Citing | Cited
docs docs
Collagen collagen 1975 494 53
Quantum Gravity and guantum gravity AND 19992000 114 50
Strings string*
Wavelets (1-500 wavelet* 1999 472 54
Wavelets and Brownian wavelet* AND brownian | 19732000 99 59

The dustering metric results in Tables A3-1 through A3-5 are summarized in

Table 4-7 (for transadion weighting) and Table 4-8 (for item weighting). Transadion

weighting has a higher metric value aout twice & often as sandard pairwise distances.

While this is somewhat encouraging, it represents considerably lower consistency with

frequent itemsets in comparison to hybrid pairwise/higher-order distances, which have

higher metric values nealy 7 times more often than standard pairwise distances.

Table4-7: Clustering  metric  comparisons  for
transaction  weighting (T.W.) versus
standard pairwise (P.W.) distances.

Dataset | TW.=PW. | TW>PW. | TW<PW. | Cases
1 0 17 1 18
2 3 7 8 18
3 7 7 18
4 3 10 5 18
5 1 17 0 18
Totals 14 55 21 90

Performance for item weighting is quite poor in terms of the itemset-matching

clustering metric, as $rown in Table 4-8.

In particular, the metric value for standard
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pairwise distances is larger than for item weighting distances about one ad a half times

as often.

Table4-8: Clustering metric comparisons for item

weighting (1.W.) versus gandard pairwise

(P.W.) distances

Data set IW=PW. | IW>PW. | .W.<P.W. Cases
1 0 2 16 18
2 3 7 8 18
3 6 0 12 18
4 1 5 12 18
5 3 12 3 18
Totals 13 26 51 90

In interpreting the relatively poor itemset-matching performance of transadion
and item weighting, recdl that itemset support (higher-order co-citation count) is a joint
property among a set of items. It appeas that pairwise @-citations contain insufficient
information for approximating larger-cardinality itemsets (higher-order co-citations).
There may be no way of weighting combinations of mere pairwise @-citations to
adequately approximate higher-order co-citations.

This ®dion concludes Chapter 4. In this chapter, | have investigated methods for
reducing complexity for distance @mputations. | demonstrated that my new hybrid
pairwise/higher-order distances are m@nsistent with fast algorithms for computing
frequent itemsets. In particular, the exclusion of lessfrequent itemsets has a very small
effed on cluster itemset matching. Thus the hybrid dstances are cmputationaly

tradible as well asconvenient for user interadion and ardysis.
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This chapter also showed for the first time that citation itemset supports generaly
follow a Lapladan or deaeasing exponentia distribution. This is consistent with the
empiricd linea scding with problem size that has been previously been reported for
computing frequent itemsets. The sparseness of more frequent itemsets for this
distribution also contributes to the ansistency of clusters and frequent itemsets for
hybrid pai rwise/higher-order distances.

Furthermore, this chapter provided empiricd evidence that weighting of the
components of mere pairwise distances is insufficient for clustering frequent itemsets.
This suggests that the higher-order citations employed in my new hybrid dstances are
necessry.

The next chapter applies the new hybrid pairwise/higher-order distances to

visualizations of the minimum spanning tree



